Conceptual uncertainty is considered one of the major sources of uncertainty in groundwater flow modelling. In this regard, hypothesis testing is essential to increase system understanding by refuting alternative conceptual models. Often a stepwise approach, with respect to complexity, is promoted but hypothesis testing of simple groundwater models is rarely applied. We present an approach to model-based Bayesian hypothesis testing in a simple groundwater balance model, which involves optimization of a model in function of both parameter values and conceptual model through trans-dimensional sampling. We apply the methodology to the Wildman River area, Northern Territory, Australia, where we set up 32 different conceptual models. A factorial approach to conceptual model development allows for direct attribution of differences in performance to individual uncertain components of the conceptual model. The method provides a screening tool for prioritizing research efforts while also giving more confidence to the predicted water balance compared to a deterministic water balance solution. We show that the testing of alternative conceptual models can be done efficiently with a simple additive and linear groundwater balance model and is best done relatively early in the groundwater modelling workflow.
Introduction
The conceptualization of a groundwater flow problem is considered one of the major sources of uncertainty in groundwater flow modelling [1, 2] . Conceptual uncertainty stems from the fact that the available data more often than not will fit more than one conceptual understanding [3] . When dealing with conceptual uncertainty, hypothesis testing is essential to increase system understanding by refuting alternative conceptual models [4] .
The question we ask of the hypothesis testing exercise is framed by the model development approach. In practice, individual conceptual hypotheses cannot be tested through model-based hypothesis testing; only collections of hypotheses can be tested [5, 6] . That is, if a hypothesis cannot be falsified in a model, it is only conditionally validated given the assumptions in other parts of the model. The challenge is to develop alternative models so that differences in performance can be attributed to individual hypotheses. For exploratory purposes, model development should aim at maximizing the difference between alternative models in order to gain the most information from a potential model rejection [7, 8] .
each parameter realization, the magnitude of the components is varied in order to represent aleatory uncertainty (i.e., uncertainty that can be modelled stochastically), represented by the size of the circle in Figure 1a . The likelihood of each of these parameter and model realizations is based on the error of the water balance and a Metropolis-Hastings sampler [36, 37] is applied over these likelihoods (Figure 1b) in order to estimate the probability of the different plausible models. The more likely a model is, the more often the sampling algorithm will visit the model. The posterior probability of a model is the number of accepted visits that is based on an acceptance probability. An intercomparison of the posterior model probabilities reveals whether some models are preferred over others based on predefined threshold values of the Bayes factor. More details about the workflow illustrated in Figure 1 will be provided in Section 2.4. The dotted circles and arrows represent proposed moves that were not accepted. Figure 1b modified from [38] .
In the following section, a detailed description of the methodology is presented. First, we propose an alternative model development methodology, and introduce the Bayesian inference and interpretation methods. The methodology described in these sections are entirely generic and therefore applicable to any type of model. Last, we describe the setup of the groundwater balance that facilitates effortless evaluation of numerous model realizations.
Model Development Method
Conceptual models can generally be decomposed into a collection of hypotheses that describe the conceptual physical structure and the conceptual process structure [1] . Note that the term [38] .
In the following section, a detailed description of the methodology is presented. First, we propose an alternative model development methodology, and introduce the Bayesian inference and interpretation methods. The methodology described in these sections are entirely generic and therefore applicable to any type of model. Last, we describe the setup of the groundwater balance that facilitates effortless evaluation of numerous model realizations. 
Conceptual models can generally be decomposed into a collection of hypotheses that describe the conceptual physical structure and the conceptual process structure [1] . Note that the term conceptual model comprises a collection of hypotheses, while the term hypothesis concerns individual uncertain components in the conceptual model. More often than not, uncertain components will exist in the conceptual model, either to do with the geometry (e.g., hydrostratigraphy) or processes (i.e., boundary conditions) in the groundwater system. We suggest defining hypotheses for each conceptually uncertain component in the conceptual model in the following manner:
The process/geometry does not matter for the prediction of interest.
• H A : The process/geometry matters for the prediction of interest.
In the null hypothesis (H 0 ) the uncertain component is excluded, while the alternative hypothesis (H A ) will include the uncertain component. Although we apply a Bayesian hypothesis testing framework, we borrow the null and alternative hypothesis terminology from null hypothesis significance testing to illustrate that the two hypotheses are mutually exclusive. This framework ensures models are mutually exclusive, so that the probability of the null hypothesis and the alternative hypothesis for a single uncertain component adds up to one. Making a statement about whether the conceptually uncertain component matters for the prediction of interest rather than whether it is present or not, places emphasis on the objective of the modelling exercise and makes the hypotheses easier to disprove.
In a mathematical model, we can add an extra parameter to represent the conceptual uncertainty. We can turn an uncertain conceptual component on or off in function of τ h with h ∈ {1, . . . , m} that takes a value of either 0 or 1. Here τ h = 0 represents the null hypothesis and τ h = 1 represents the alternative hypothesis. For the number of uncertain components, N U , the number of possible combinations of the null and the alternative hypotheses is m = 2 N U . All possible models can be defined in matrix T, where each row represents an individual conceptual model, k j with j ∈ {1, . . . , m} (Figure 1a ):
By developing alternative models with a factorial design [39] of uncertain model components, the difference in model performance can be attributed to individual uncertain model components.
In hydrogeology, similar approaches have previously been presented (e.g., [15, 40, 41] ). This factorial approach is in contrast to approaches where alternative model development hypotheses are grouped in alternative models [42] [43] [44] , thus limiting the information that can be gained from the modelling exercise. Hierarchical Bayesian model averaging (HBMA) (e.g., [45, 46] ), presents a similar approach that also aims at separating and quantifying the contribution of uncertain model components to prioritize and provide an understanding of a conceptual model. The main difference between the model building approach in HBMA and the one presented here, is that in HBMA the hypotheses are not necessarily mutually exclusive.
Bayesian Inference Framework
The goal of the Bayesian inference is to compute posterior probabilities for parameters and hypotheses based on data. When the dimension of the parameter vector is one of the unknowns, the joint posterior probability, p(k, θ k |Y) of the model indicator k and a parameter vector, θ k given the data, Y, becomes the basis of the inference, and the problem can be categorized as trans-dimensional. The inference starts from a prior probability of models, p(k), and a prior probability of parameters p(θ k k) , for each model, k. The prior is linked to the posterior through a likelihood function, p(Y|k, θ k ):
The likelihood function describes the probability of the observed data given the model. To approximate the posterior probability, we apply Markov chain Monte Carlo simulation where each iteration consists of moving from the current parameter vector θ p to the proposed parameter vector θ q and from the current model k to the proposed model, k (Figure 1b) . If the proposal distribution is symmetric, each iteration step can be accepted with an acceptance probability, α, of [47] :
In practice, models are accepted if a uniform random number between 0 and 1 is lower than the acceptance probability, α. If the acceptance probability is lower than this random number between 0 and 1, the proposed model position (θ q , k ) is rejected and the algorithm stays at position (θ p , k).
Interpretation
The Bayesian hypothesis testing problem involves interpretation of the marginal evidence for each model, p(Y, k). The marginal evidence is obtained by integrating the posterior over all plausible model parameters and describes how well the model explains data taking all plausible parameter combinations into account.
For pairwise comparison of the evidence provided by data for models, the Bayes factor can be calculated. When the probabilities are converted to an odds scale (odds = probability/(1 − probability), the Bayes factor is defined as [9] :
where the two indices, 1 and 2, are used here as a simple example to indicate two mutually exclusive models. When prior probabilities are uniform, the Bayes factor is equal to the ratio of posterior probabilities. To ease interpretation, Kass and Raftery applied descriptions of the evidence provided for intervals of the Bayesian factor [9] (Table 1) . A Bayes factor below 1 shows support for the model in the denominator (k 2 ). These thresholds can be used as a guideline for decisions about model selection or rejection, however the interpretation may depend on context. Table 1 . Interpretation of level of support for model k 1 or k 2 from Bayes factors as defined in Equation (4), with k 1 in the numerator and k 2 in the denominator. When the probability of k 1 and k 2 is 1, the ranges of Bayes factor correspond to the probabilities in the "Probabilities" column. 
Bayes Factor Probabilities Description

Water Balance Model
The additive groundwater balance approach is based on the conservation of mass principle subtracting the water flowing out of the aquifer from the water flowing into the aquifer over a specified time period. We use positive numbers for water going into the aquifer and negative numbers for water going out of the aquifer. In this study we will independently identify the contribution of each component in the water balance, so that no component will have to be estimated from the residual. Not assuming perfect water balance closure is a requirement for the suggested method as the water balance error will be used to assess the likelihood of the model. The groundwater balance can be written:
where Q Input is the quantity of water entering the watershed (e.g., recharge, lateral recharge, river recharge); Q Output is the quantity of water leaving the watershed (e.g., lateral discharge, river discharge, evapotranspiration); ∆S is the change in storage over the specified period of time and δ is the error term that represents the remaining error in the water balance. The water balance may contain many subcomponents within the input and output component and a more general definition is therefore:
where each c is a subcomponent in the water balance, either positive or negative, depending on whether water is flowing into or out of the aquifer and N c is the number of known subcomponents of the water balance. The different subcomponents are represented by different coloured circles in Figure 1a .
Conceptual uncertainty in a water balance arises when some or all parts of the water balance components are hypothesized to exist, but not known to exist. We set up several hypotheses for the uncertain water balance components using the method described in Section 2.1: By applying the τ parameter to capture conceptual uncertainty as described in Section 2.1, the water balance can then be expanded to:
where each u represents a conceptually uncertain subcomponent which is associated with a τ value, and N U is the number of conceptually uncertain components. The uncertain components can be organized in a matrix U (Figure 1a ) where the number of rows equals the number of uncertain components, N U , while the certain components are organized in the matrix C, where the number of rows equals the number of certain components, N C :
In both matrices each column represents an individual parameter realization, where N R is the number of parameter realizations. In each realization the value of the subcomponent will be different, illustrated by the different sizes of the circles in Figure 1a . The magnitude of the subcomponents is modelled stochastically by drawing the value from a predefined prior distribution.
By computing the dot product of T and C and adding U, all models can be simulated at the same time for all parameter vectors. This will yield a matrix ∆ in which each row presents realizations within each individual conceptual model, k j with j ∈ {1, . . . , m} and each column represents an individual realization based on different parameter vectors θ i with i ∈ {1, . . . , N R } (Figure 1a ):
In Figure 1a , a zero in the T matrix will exclude the subcomponent in matrix ∆ while a 1 will include the subcomponent illustrated by the presence and absence of the coloured circles in matrix ∆. This setup of the water balance problem takes advantage of parallelization and vectorization, enabling millions of random realizations to be realized per second. The metropolis sampling algorithm described in Section 2.1 can be defined on top of the already generated realizations by sequentially stepping through the columns of the matrix (Figure 1b ). The proposed model k is randomly chosen with weights according to the likelihoods of the different models based on the same parameter vector.
Likelihoods (p(Y|k, θ k )) can be computed based on the error of the water balance in matrix ∆. The water balance error δ is scaled to the magnitude of the input to the water balance (Q Input ) to get a relative error. By using the relative error, a larger error is accepted for water balances with large water balance components, and a smaller error for water balances with small water balance components. All priors will be constrained by data, so that all samples of the magnitude of the water balance components are considered plausible.
The relative error term is assumed to be normally distributed with a mean of 0 and a standard deviation σ:
The observation error is here assumed to be captured by the parameters set of the prior probabilities of parameter values and σ is therefore only related to the remaining conceptual error in the model representing the unknown unknown conceptual components. The standard deviation of the water balance error directly controls the acceptance rate of the water balance realizations; as σ increases, more realizations will be accepted. It should be stated that as for all error formulas, errors of an opposite sign will cancel out, reducing the overall error, and a conceptual model with many unknown unknowns might therefore perform well in this framework.
As the magnitude and number of unknown unknowns in the model is unknown, there is no way of determining the value of σ. The robustness of model ranking as defined by [48] , was evaluated in a sensitivity analysis by varying the standard deviation of the relative error of the water balance between 0% and 10%. To avoid making wrong model selection decisions based on the results, we selected a standard deviation of the model error that is least decisive. That is, the difference between the probability of the null and the alternative hypotheses are closest to each other. The least decisive value is the most conservative choice when the model objective is to differentiate between models. From the sensitivity analysis we determined that the most conservative value is σ = 2.5%.
Case Study
The Wildman River area (Northern Territory, Australia) was chosen as the case study area ( 
The Wildman River area (Northern Territory, Australia) was chosen as the case study area (Figure 2 ). The area covers about 400 km 2 in the northern part of the Northern Territory, next to the Kakadu National Park, between latitudes 12.77° S and 12.47° S and between longitudes 131.7° E and 131.93° E. The topography in the catchment is relatively flat, and ranges from 100 m above sea level (ASL) in the south to 20 m ASL in the north ( Figure 2) . Most of the land use is limited to cattle grazing and conservation. Mary River National Park lies south-west of the area and Kakadu National Park to the east. The area has a tropical climate with about 98% of annual precipitation (1450 mm) occurring in the wet season, December to April [49] .
The basement geology in the region mainly consists of three units of the Mount Partridge Group which is a part of the Pine Creek Orogen: the Wildman Siltstone, the Koolpinyah Dolostone and the Mundogie Sandstone. The basement is tight to isoclinally folded with a strike of between 180 and 200 degrees. Unconsolidated sediments deposited in the Money Shoal Basin are unconformably overlaying the basement. These sediments are flat laying but repeated incision and infill through the Cenozoic is thought to have created two southwest-northeast oriented palaeovalleys [50] , referred to as Mesozoic-Cenozoic (Mz/Cz) sediments, as ambiguity surrounds their age.
The main aquifers consist of a semi-confined Mz/Cz sand aquifer and a confined dolostone aquifer that are assumed to be connected, supported by similarity in hydrogeochemistry [50] . Very limited topographical and piezometric data in the area suggest that the main flow direction is vertical with a very slow horizontal component.
Two major investigations were carried out in the area by the Northern Territory Department of Environment and Natural Resources in relation to a water resource assessment for the area [50] and CSIRO as part of the Northern Australia Water Resources Assessment [49, 51] . Tickell and Zaar provided a first-order assessment of the regional-scale groundwater balance [50] , while Turnadge et al. provided a refinement of water balance components and a conceptual model [49] .
In Section 3.1, we will present the components that constitute the groundwater balance of the Wildman River area. The different components will be computed based on parameter values described in Section 3.2 and on the alternative conceptual models described in Section 3.3. The parameter values and conceptualizations used here are based on the abovementioned investigations.
Water Balance Components
The simplified groundwater balance of the Wildman River area is written as:
where Q R is the net recharge to the water table from rainfall accounting for the losses due to plant transpiration and/or direct soil evaporation [52] . Net recharge is calculated based on a recharge area (A R ) and a recharge rate (R R ):
Q L is the lateral groundwater outflow from the aquifers to adjacent areas. The lateral outflow for the Wildman River area is calculated through cross-sections based on Darcy's law. Darcy's law depends on the transmissivity of the aquifer (T l ), the width of the aquifer (W l ) and the hydraulic gradient perpendicular to the cross-section (∆h l ):
The lateral discharge consists of up to four subcomponents: lateral discharge across a northern boundary and a north-eastern model domain boundary, through the Mz/Cz sand aquifer and finally through the Koolpinyah Dolostone aquifer ( Figure 3 ). The remaining boundaries in the model domain in the south and northwest arebounded by impermeable (an order of magnitude less transmissive) bedrock. is the baseflow from the aquifer to streams and lagoons. In every time step ( ), total streamflow ( ) consists of overland flow that reaches the stream quickly, hence named quick flow ( ), and baseflow ( ) that originates from groundwater discharge. The fraction of the streamflow that makes up the baseflow component is described by the baseflow index ( ) [53] :
The baseflow to streams consist of up to five subcomponents: Jimmy's Creek, Opium Creek, Swim Creek, Cattle Creek and Ben Bunga Creek (Figure 3 ). The groundwater discharge to lagoons can be calculated based on seepage rate ( ) and lagoon area ( ):
The same seepage rate is assumed for all lagoons in the area. The final water balance component relates to groundwater storage, ∆ . Based on the observations, the groundwater level returns to a similar level after each year [49] and the annual storage is assumed to be around 0 m 3 .
For the Wildman River area, transient data for each of the water balance components is scarce, therefore a steady-state water balance is considered. However, the Wildman River area is quite Q b is the baseflow from the aquifer to streams and lagoons. In every time step (t), total streamflow (y t ) consists of overland flow that reaches the stream quickly, hence named quick flow ( f t ), and baseflow (Q B ) that originates from groundwater discharge. The fraction of the streamflow that makes up the baseflow component is described by the baseflow index (β) [53] :
The baseflow to streams consist of up to five subcomponents: Jimmy's Creek, Opium Creek, Swim Creek, Cattle Creek and Ben Bunga Creek (Figure 3 ). The groundwater discharge to lagoons can be calculated based on seepage rate (R L ) and lagoon area (A L ):
The same seepage rate is assumed for all lagoons in the area. The final water balance component relates to groundwater storage, ∆S. Based on the observations, the groundwater level returns to a similar level after each year [49] and the annual storage is assumed to be around 0 m 3 .
For the Wildman River area, transient data for each of the water balance components is scarce, therefore a steady-state water balance is considered. However, the Wildman River area is quite dynamic as the aquifers are filled up in the wet season by the high rainfall events and starts emptying again in the dry season when only very limited rainfall occurs. Given the large difference between the wet and dry season, we will set up a steady-state water balance for both the end of the dry season (1 December) and the end of the wet season (1 April). The wet season and dry season model will be combined into an annual model, so that:
Water Balance Parameters
An overview of the parameter values used in the stochastic water balance model is shown in Table 2 . A discussion of the derivation of the prior parameter distributions is found in Appendix A. Uniform distributions are used for all parameters defined by the minimum and maximum value, so that all parameter values in the ranges are equally likely. All the defined rates are used as spatial averages over the whole area. Table 2 . Parameter values describing the water balance components in the Wildman River area. The parameters are described with a uniform distribution between the minimum and the maximum value in the dry and wet season. Parameters that describe areas, width and transmissivities are constant over the year, and therefore only described by one set of a minimum and a maximum value. The term sand refers to Mesozoic-Cenozoic (Mz/Cz) sand, while the term Dolostone refer to the Koolpinyah Dolostone. 
Component
Alternative Conceptual Models
Even though many investigations [49] [50] [51] were carried out in the Wildman River area recently, there are still several open conceptual questions. In this paper we focus on the conceptual issues that have a direct influence on the annual water budget of the catchment. In the following discussion, five uncertain water balance components will be identified, and alternative hypotheses will be defined that demonstrate the conceptual issues; in a subsequent step their influence on the water balance will be quantified. The definition of hypotheses will be based on the method specified in Section 2.1. An overview of the conceptual model and conceptual uncertainties in the Wildman River area is shown in Figure 3 . Given the spatially sparse groundwater level observations in the study area, the groundwater flow around the northern boundary of the system can be interpreted in different ways. In one instance [50] , groundwater was considered to flow north across the boundary along a northern palaeovalley (i.e., out of the domain) contributing to lateral discharge in the water balance. However, observations may also indicate a northeastward groundwater flow, in which case groundwater will flow along the northern boundary rather than across, resulting in limited lateral discharge across the boundary. Two alternative hypotheses regarding the northern boundary component of lateral discharge are defined:
• H 0 : A northern palaeovalley does not exist and the groundwater flows along (i.e., parallel to) the northern boundary of the system and therefore no lateral discharge into or out of this area occurs.
• H A : A northern palaeovalley exists and the groundwater flows across the northern boundary and therefore contributes to the total lateral discharge out of the model domain.
Based on borehole observations and the location of what is inferred to be sinkholes developed above the Dolostone, Tickell and Zaar interpreted the extent of the Koolpinyah Dolostone as a relatively continuous aquifer [50] . However, the fact that the basement geology including the Koolpinyah Dolostone is folded tightly indicates the plausibility that the Dolostone aquifer consist of more or less structurally isolated aquifers. In this case only the Mz/Cz sand aquifer would contribute to lateral discharge while the Dolostone aquifer would not. This leads to the following hypotheses regarding the Dolostone component of lateral discharge:
The Koolpinyah Dolostone is a compartmentalized aquifer and therefore its contribution to lateral discharge is unimportant.
The Koolpinyah Dolostone is a continuous aquifer and contributes significantly to lateral discharge.
Ben Bunga and Cattle Creek are ephemeral streams that drain northeastward towards Kakadu National Park. They cease to flow in the early dry season but maintain several isolated permanent pools that are hypothesized to receive groundwater flow through diffuse streambed discharge [50] . However, their ephemeral nature makes this a questionable assumption. It is considered very unlikely that only one of these creeks would receive groundwater and the other not; therefore, the hypotheses for both creeks are combined into a single one:
• H 0 : Ben Bunga and Cattle Creek are a rainfall-runoff feature, disconnected from the groundwater system.
The streamflow in Ben Bunga and Cattle Creek originates from both groundwater discharge and rainfall-runoff.
Swim Creek is an ephemeral stream that drains the central region of the Wildman River area and flows northward. It ceased to flow at the end of the dry season in 15 out of 29 years of the recorded stream flow. The baseflow index was previously estimated to be around 50% [50] . A different conclusion was obtained by comparing the streamflow record from Swim Creek to that from Opium Creek [49] : streamflow for the former is generally an order of magnitude larger than that for the latter. This was attributed to the much larger surface water catchment of Swim Creek, which led to the assumption that Swim Creek is primarily fed by rainfall-runoff. The hypotheses regarding Swim Creek are defined as follows:
Swim Creek is a rainfall-runoff feature, disconnected from the groundwater system.
• H A : Streamflow in Swim Creek originated from groundwater as well as rainfall-runoff.
A large number of shallow depressions exist in the Wildman River area that are interpreted to be sinkholes formed on top of the Koolpinyah Dolostone [50] . Some of these shallow depressions serve as permanent water features, referred to as lagoons, which led Turnadge et al. to hypothesize that they are groundwater discharge features [49] . However, using a mass balance approach, groundwater discharge to the lagoon was found to only occur during wetter than average climate conditions [50] . Until date, only the largest of the Twin Sisters Lagoons has been subject to investigations, involving the comparison of lake stage recession to evaporation rate [54] . Based on one year of observations, it was estimated that the lagoon was a flow-through feature. In yet another study, analysis of the noble gas tracer Rn-222 in surface water samples collected from the lagoon, also did not yield conclusive results in regards to whether or not groundwater inflow occurs [49] . These ambiguous findings around potential groundwater contribution to the Twin Sisters Lagoon makes this an important conceptual uncertainty. The other permanent lagoons in the area (Number One Billabong, Lake Lucy and Mistake Billabong) are assumed to behave in the same way as the Twin Sisters Lagoons. The hypotheses regarding permanent lagoons are defined as follows:
The permanent lagoons are rainfall-runoff features, disconnected from the groundwater system.
The permanent lagoons are, at least in part, groundwater discharge features.
In the above discussion, a total of five uncertain water balance components were identified, while two alternative models were defined for each uncertain component. Using the factorial design approach described in Section 2.1 thus gives 2 5 or 32 individual models that will be quantitatively evaluated.
We assign a uniform prior probability to the 32 alternative combinations (i.e., all models are considered equally likely). By using uniform priors, we expect that the evaluation of internal model consistency expressed as the likelihood function (Section 2.4) dominates the resulting posterior distribution. Alternatively, the prior could have been based on an expert elicitation process, as in (e.g., [55, 56] ), to be able to further differentiate between the models. However, the scope of the paper is to evaluate whether there is enough information in the water balance to offer insight into the conceptualizations. Expert elicitation of the prior probabilities is therefore beyond the scope of this paper.
Results
In this section, we apply the Bayesian hypothesis testing framework to the stochastic water balance in the case study. On a 2.4 GHz computer with 8 GB RAM every 10,000 realisations take~1 s with an acceptance rate of the water balance realizations of~27%. A graphical description of the setup of the model is seen in Figure 1 . The illustration shows that the forward model (i.e., the groundwater balance problem), is linear and additive, and the setup allows for vectorization and parallelization, which allows for evaluation of a large set of model versions. All implementations, calculations and sampling is performed in the Python 3.6 computing environment with the software stack of NumPy [57] while the figures are prepared with Matplotlib [58] . The script is available as supplementary material.
Posterior Probabilities of Hypotheses based on Assumed Error
The simple and conditional probabilities for the alternative hypotheses (H A ) are shown in Figure 4 . The simple probability shown in Figure 4a is the marginal probability of a subset of 16 out of 32 different models (H 0 vs. H A ). The conditional probability shown in Figure 4b is the marginal probability of a subset of 8 out of 32 different models that meets the conditions described in the parentheses. The corresponding probabilities for the null hypotheses (H 0 ) (only shown for Figure 4a ) can be obtained as 1 subtracted by the probabilities for an alternative hypothesis. By applying Bayesian hypothesis testing, we have implicitly assumed that a quasi-true model can be identified from the alternative model ensemble [17] . Given more data, the probabilities for H A or H 0 would therefore further approach either 1 or 0. The simple probabilities (Figure 4a) show that a clear preference for the alternative hypothesis is supported only for the conceptually uncertain Swim Creek with a value of 39% and 61% for the null and alternative hypotheses, respectively. The support can, however, still only be described as "Inconclusive" (Section 2.3), based on a Bayes factor of less than 3 (63.5%, Table 1 ). For the rest of the conceptual uncertain components, the change between the prior probability of 0.5 and the posterior probability is even smaller. This indicates that the information content in the closure of the water balance is too small to sufficiently differentiate between models in order for valid model rejection to occur. A balanced water budget can result from sufficiently accounting for all water balance components, but can also arrive from globally balanced errors [26] . The results therefore suggest that without other constraints, all suggested conceptual models are valid because they are either true or can sufficiently balance errors in the conceptualization globally. A possible strategy to increase model discrimination is to further constrain parameter priors by collection of more data [40] . With further constraints on the parameter priors (i.e., reduction of parameter ranges in Table 2 ), the ability of the different models to balance errors globally reduces as the magnitude of the water balance components will vary less. Another strategy to increase the ability to differentiate between models is to apply informed priors, but as already stated in Section 3.3, this is beyond the scope of this paper.
The conditional probabilities (P(X|Y)) (Figure 4b ) describe the probability of a hypothesis X given the assumption that another hypothesis Y is true. It thereby offers a preview of how the probabilities would change for hypothesis X if we found hypothesis Y to be true (e.g., by collecting additional data).
Provided the alternative hypothesis of any uncertain component, but Swim Creek, the conditional probabilities are higher in case an alternative hypothesis (P(X HA|Y HA)) rather than a null-hypothesis (P (X HA|Y H0) ) is used as the other given event (i.e., other uncertain component). This indicates a general preference for applying more components to balance the water budget. That is, if none of the additional uncertain discharge components (alternative hypotheses) are applied, Should be read: probability of row, given column (e.g., P(Dolo H A |North H A )). In (b) the inverse probability (not shown here) is P(X H 0 |Y H A ) = 1 − P(X H A |Y H A ) and P(X H 0 |Y H 0 ) = 1 − P(X H A |Y H 0 ), respectively. All started with uniform probability (0.5). In Figure 2 , names in this figure refer to: BB/C = Ben Bunga and Cattle Creek, Dolo = Dolostone, Lag = Lagoons, North = Northern boundary and Swim = Swim Creek.
The simple probabilities (Figure 4a) show that a clear preference for the alternative hypothesis is supported only for the conceptually uncertain Swim Creek with a value of 39% and 61% for the null and alternative hypotheses, respectively. The support can, however, still only be described as "Inconclusive" (Section 2.3), based on a Bayes factor of less than 3 (63.5%, Table 1 ). For the rest of the conceptual uncertain components, the change between the prior probability of 0.5 and the posterior probability is even smaller. This indicates that the information content in the closure of the water balance is too small to sufficiently differentiate between models in order for valid model rejection to occur. A balanced water budget can result from sufficiently accounting for all water balance components, but can also arrive from globally balanced errors [26] . The results therefore suggest that without other constraints, all suggested conceptual models are valid because they are either true or can sufficiently balance errors in the conceptualization globally. A possible strategy to increase model discrimination is to further constrain parameter priors by collection of more data [40] . With further constraints on the parameter priors (i.e., reduction of parameter ranges in Table 2 ), the ability of the different models to balance errors globally reduces as the magnitude of the water balance components will vary less. Another strategy to increase the ability to differentiate between models is to apply informed priors, but as already stated in Section 3.3, this is beyond the scope of this paper.
Provided the alternative hypothesis of any uncertain component, but Swim Creek, the conditional probabilities are higher in case an alternative hypothesis (P(X H A |Y H A )) rather than a null-hypothesis (P(X H A |Y H 0 )) is used as the other given event (i.e., other uncertain component). This indicates a general preference for applying more components to balance the water budget. That is, if none of the additional uncertain discharge components (alternative hypotheses) are applied, there is a surplus in the water balance. However, when the Swim Creek model component is involved, a trade-off with the remaining alternative hypotheses can be observed. This is especially true for the conditional probability of the alternative hypothesis for Swim Creek given the Dolostone (P (Swim H A |Dolo H 0 ) ) and the northern boundary (P (Swim H A |North H 0 ) ) hypotheses, where the support becomes "substantial" (both 0.65), when the null-hypotheses are applied. This indicates that the input to the water balance is not large enough to account for both the alternative hypotheses for Swim Creek and the Dolostone or Northern boundary, that all include extra discharge terms. In conclusion, the largest change in conditional probability can be observed for when Swim Creek is involved, and future field work should therefore aim at resolving this conceptual uncertainty first.
Model Predictions
The prior and posterior predictions for recharge, lateral discharge and baseflow as obtained from the stochastic water balance calculations are shown in the top row of Figure 5 . The obtained predictions represent a multi-model probability density function that takes account of all the conceptual models that seem plausible under the current state of knowledge as well as the parameter uncertainty. These results are compared with the deterministic estimates for the different water balance components in [50] , which provided two independent water balance estimates, shown as vertical lines in Figure 5 .
Compared to the deterministic solutions from [50] , the posterior probability has not changed significantly. However, in our stochastic predictions both parameter and conceptual uncertainty are accounted for. We therefore have a water balance of which the confidence limits are quantified.
The prior probability for baseflow is highly bimodal, caused by the trans-dimensional sampling between models that include extra baseflow components (alternative hypotheses for Ben Bunga and Cattle Creek, Lagoons and Swim Creek) and the models that exclude the extra baseflow component (corresponding null hypotheses). The prior probability for recharge and lateral discharge is however unimodal, suggesting that the conceptual uncertainty is of less importance than the parameter probability.
The posterior probability for recharge and baseflow is multimodal ( Figure 5 , top row). While the prior probability for the baseflow is already multimodal, the prior for recharge is not and the shape of the posterior is therefore caused by the conditioning to the closure of the water balance. Overall the range of the posterior of the recharge is shown to be reduced to a maximum of 60 GL/year, whereas the maximum for the prior distribution is 70 GL/year. However, the posterior probability of the lateral discharge and baseflow has not changed significantly, indicating low information in data (the balancing of the water budget), because a trade-off exists between the output components. Both lateral discharge and baseflow are loss terms in the water balance that will respond in a similar way when poorly defined parameter distributions are used, as is the case here.
The impact of different hypotheses on the simulated recharge, lateral discharge and baseflow is shown in Figure 5 ; each row represents posterior probability subdivided into the models that includes the null and the alternative hypotheses (16 models each) for one of the five uncertain components, as referenced in the row header. The within model variance is represented by either the red or blue probability distribution depending on the chosen model, while the between-model variance is represented by the difference between the red and the blue probability distribution.
In three out of five cases, we can observe an increase in the amount of recharge that can be supported in the model when an alternative hypothesis (blue) is applied, as all alternative hypotheses add an extra discharge component to the water balance. In only two cases recharge does not increase: for the conceptual uncertainty regarding Ben Bunga and Cattle Creek (row BB/C) and the Lagoons (row Lag). While these components directly impact the baseflow prediction, they are shown to have very little impact on recharge and lateral discharge. The conceptual uncertainty regarding the Dolostone (row Dolo) and the northern lateral boundary (row North), both directly impacting the lateral discharge prediction, is however shown to have a more pronounced indirect impact on recharge (i.e., the probability distribution shifts to higher values by about 10 GL/year). The largest impact on the overall predictions is, however, caused by the conceptual uncertainty regarding Swim Creek (row Swim). The trans-dimensional sampling between including and excluding the discharge component from Swim Creek hypothesis directly impacts baseflow, which becomes bimodal, and thereby indirectly affects the prediction of recharge which also becomes bimodal.
Water 2019, 11, x FOR PEER REVIEW 15 of 24 Figure 5 . Prior and posterior probability of water balance components' recharge, lateral discharge and baseflow in Giga Liters/year (GL/year). Top row shows the probabilities for all conceptual models, while in the remaining rows the posterior probabilities are subdivided into the null and the alternative hypothesis regarding the row. Individual estimates of the three water balance components from a previous study [50] are shown as vertical lines. Note the difference in scale for the prior and posterior probabilities.
In three out of five cases, we can observe an increase in the amount of recharge that can be supported in the model when an alternative hypothesis (blue) is applied, as all alternative hypotheses Figure 5 . Prior and posterior probability of water balance components' recharge, lateral discharge and baseflow in Giga Liters/year (GL/year). Top row shows the probabilities for all conceptual models, while in the remaining rows the posterior probabilities are subdivided into the null and the alternative hypothesis regarding the row. Individual estimates of the three water balance components from a previous study [50] are shown as vertical lines. Note the difference in scale for the prior and posterior probabilities.
Again, it is shown that the reduction of uncertainty would be greatest if we were able to resolve the Swim Creek conceptual uncertainty (e.g., by additional field work). The additional field work could target Swim Creek directly, but it could also aim at reducing the aleatory uncertainty of the net recharge component. Figure 5 shows that if the net recharge to the area is more than 40 GL/year the alternative hypothesis for Swim Creek is true. However, if the net recharge to the area is less than 20 GL/year, the null hypothesis for Swim Creek would be true.
Discussion
The results presented in Section 4 are consistent with what is presented in other groundwater modelling studies (e.g., [11, 12, 15, [59] [60] [61] ), in that we have obtained posterior model probabilities and a probability distribution of predictions including both parameter and conceptual uncertainty. However, the methods with which these model results have been obtained, differ. The advantages and disadvantages of our approach compared to the abovementioned studies are discussed in the following.
We applied a factorial design approach, where all possible combinations of hypotheses are tested, which enables the attribution of differences in model performance, directly to specific conceptually uncertain components. The factorial design approach is capable of isolating the causes affecting the model predictions. However, as every new conceptually uncertain component doubles the number of possible models (assuming two hypotheses are defined for each uncertain component), the problem can quickly become time consuming. This practical barrier is referred to as the fallacy of factorial design in [62] .
To avoid making the problem numerically intractable, we have applied a very simple additive and linear model setup (rather than a 3D numerical groundwater flow or transport model), which enables us to run millions of models in a matter of seconds. The studies we compare our results to run between 4000 and 300,000 realizations. By being able to run more realizations, we ensure a more stable result and that there is no practical limitation to how many different conceptual models can be evaluated. The simplicity of the model setup allows us to gain insight, without undue amount of time, which can be brought forward into subsequent more complex modelling.
The disadvantage of our simple approach is that the data the models are tested against is limited. In the applied setup the only data used to evaluate the models against, is the assumption that the water budget is balanced. All other data in the case study were used to set up the priors for the parameters describing the water balance. In contrast, the abovementioned studies included testing data such as hydraulic head, contaminant concentrations and pumping tests. The limited available evaluation data in the suggested approach means that we will not be able to discriminate between models to the same extent as the abovementioned studies. To improve the discriminatory power of this modelling approach more data should be reserved for model evaluation.
The model cannot underpin environmental management but is an initial screening tool built to allow the modeler to gain insight into the system functioning, identify important sources of uncertainty and prioritize research efforts. In a stepwise approach to groundwater modelling (discussed in Section 1), the suggested approach would constitute one of the initial steps after the hydrogeological characterization before moving towards testing a more complex mathematical model. This model testing step would then inform the succeeding steps ensuring a transparent workflow.
Conclusions
We presented an approach to model-based Bayesian hypothesis testing in a simple additive groundwater balance model, which involves optimization of a model in function of both parameter values and a conceptual model. The proposed systematic conceptual model development method allows for directly attributing the differences in performance of alternative models to individual uncertain components in the conceptual model.
The method was demonstrated on a water balance model for the Wildman River area. Five conceptually uncertain components resulted in 32 individual conceptual models and millions of realizations with all conceptualizations being conditioned to the closure of the water balance. The following can be concluded from the case study:
1.
More confidence was gained in the water balance compared to the deterministic solution. Probabilistic distribution of predictions take account of all the conceptual models that seem plausible under the current state of knowledge as well as the parameter uncertainty. 2.
The understanding of the system functioning has increased. None of the conceptual models can be ruled out, but we have a better idea of how important they are to the water balance predictions and how they impact parameter ranges. 3.
The fieldwork going forward can now be prioritized in terms of the impact the different components have shown on the water balance predictions.
Testing alternative conceptual models is recognized to increase transparency, help prioritize research effort and help uncover potential conceptual surprises. The overall conclusion of this study is that testing alternative conceptual models does not have to be a time-consuming task but can be done in relatively simple models (e.g., as here, in a water balance model). 
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Appendix A. On Defining the Prior Range for Parameters in the Wildman River Area Groundwater Balance
The following describes the reasoning behind the prior ranges used for the stochastic water balance for the Wildman River area shown in Table 2 . Since all prior ranges are based on the investigations by [49, 50] , the reader is referred to these studies for further details on the study area.
Appendix A.1. Recharge Net recharge was estimated for the area using the chloride mass balance (CMB) method [49, 50] and environmental tracers [49] . The CMB method relies on the ratio of chloride concentration in local rainfall and in the groundwater. For the environmental tracers a lumped parameter model was used to identify an appropriate conceptual model and from that recharge rates were estimated in [49] using closed-form solutions for age-depth and concentration-depth relationships as described in [63] .
In [50] the net recharge was estimated based on the CMB method to 87 mm/year and 183 mm/year. In [49] the net recharge was estimated to be between 32 mm/y and 178 mm/year for most of the study area based on the CMB method ( Figure A1 ).The estimates from the environmental tracer method agreed with this result. As most precipitation occurs in the wet season, it is valid to assume recharge in the dry season is zero for the purpose of this water balance.
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Appendix A.2. Lateral Outflow
Lateral outflow is thought to occur north towards Swim Creek and northeast to Kakadu National Park along, respectively, a northern and a southern palaeovalley. The northern palaeovalley has been assumed to be connected northwards towards a thicker sequence known to occur towards the coast [50] (p. 29), but very limited borehole data exists to support this assumption.
The lateral discharge is thought to consist of a component from each of the connected Mz/Cz sand aquifer and Koolpinyah Dolostone aquifer.
Appendix A.2.1. Transmissivity
In [50] a transmissivity value between 355 m 2 /day and 2100 m 2 /day based on pumping tests was used to estimate lateral discharge. A reinterpretation of pumping tests in [49] The width of the sand aquifer can be constrained by borehole data ( Figure A2a) . In the geological model developed in [50] (p. 33) the width is 4 km and 6 km (for depths >10 m) for the southern and northern palaeovalley, respectively. However, the effective width of lateral outflow might be much more or much less. In our water balance the maximum width is constrained by the outcrops of impermeable rock on both sides of the palaeovalleys (7 km and 13 km for the southern and northern palaeovalley, respectively), while the minimum is set to 1 km for both boundaries.
The extent of the Koolpinyah Dolostone at the lateral boundaries can be constrained by Figure A1 . Estimates of net recharge based on the chloride mass balance (CMB) method [49] .
The lateral discharge is thought to consist of a component from each of the connected Mz/Cz sand aquifer and Koolpinyah Dolostone aquifer. Appendix A.2.1. Transmissivity
The extent of the Koolpinyah Dolostone at the lateral boundaries can be constrained by observations of sinkholes and borehole observations. In [50] (p. 22) the width is 1 km and 2.5 km for the north-eastern and northern boundary, respectively. The number of boreholes that include the Koolpinyah Dolostone is however very low ( Figure A2b) , and "sinkholes" are not known to be actually sinkholes developed on top of Dolostone.
In our water balance the minimum and maximum width is defined by making a concave to convex hull of the data points. The width of the northern boundary varies between 3 km and 10 km, while the north-eastern boundary varies between 1 km and 7 km. Appendix A.2.3. Hydraulic Gradient Continuous observations of the water level was started immediately prior to the report by [50] and [49] presents up to 9 months (August or November 2016 to May 2017) of hourly observation from 23 loggers (location seen in Figure A3 ).
For the north-eastern boundary the loggers installed in the surficial leaky clay aquitard RN022961 and RN024174, and loggers installed in the semi-confined sand aquifer RN039073 and RN024667 can be used to constrain the gradient across the boundary ( Figure A3b ). The gradient is respectively 0.001 and 0.0003 for the dry season, and 0.002 and 0.002 for the wet season between the two loggers. In our water balance the gradient is set to vary between 0.0001 and 0.001 for the dry season and 0.001 and 0.003 for the wet season.
Less data exist to constrain the gradient across the northern boundary. In our water balance the gradient is constrained by the head difference between RN024223 ( Figure A3b ) and the ocean which is 0.0006 and 0.0008 in the dry and wet season, respectively. For our water balance we set the gradient to vary between 0.0003 and 0.0009 for the dry season and between 0.0004 and 0.0012 for the wet season, respectively.
The gradient for the Dolostone aquifer is assumed to be similar as groundwater chemistry has revealed the two aquifers are hydraulically connected forming a regional aquifer [50] (p. 42). Appendix A.2.3. Hydraulic Gradient Continuous observations of the water level was started immediately prior to the report by [50] and [49] presents up to 9 months (August or November 2016 to May 2017) of hourly observation from 23 loggers (location seen in Figure A3 ).
The gradient for the Dolostone aquifer is assumed to be similar as groundwater chemistry has revealed the two aquifers are hydraulically connected forming a regional aquifer [50] Most surface water bodies in the area are ephemeral with flow resulting from rainfall-runoff [49] (p. 96). The exceptions are Jimmy's Creek and Opium Creek that are fed by springs. It is hypothesized that Swim Creek, Ben Bunga and Cattle Creek are also groundwater fed from diffuse discharge through the streambed.
In [50] the baseflow index was estimated for Jimmy's Creek and Swim Creek based on the mathematical recursive digital filter method developed by [64] of time series of streamflow. The baseflow index was estimated to 0.77, 0.7 and 0.65 for Opium Creek and 0.52, 0.46 and 0.3 for Swim Creek based on different baseflow separation techniques.
For the purpose of our water balance, baseflow is estimated stochastically for Jimmy's, Opium and Swim Creek streamflow observations with hydrograph separation. Jimmy's Creek stream flow rate is not observed but estimated based on a relation with Opium Creek found in [50] . We will use the hydrograph separation method described in [65] where the maximum baseflow index ( ) represents the long-term ratio between baseflow and streamflow and the recession coefficient ( ) represents the proportion of remaining streamflow on the next time step. is the total streamflow at time step and is the baseflow. The maximum baseflow index ( ) was set to uniformly vary 0.25 and 0.6 for Swim Creek and 0.6 and 0.8 for Jimmy's and Opium Creek based on the results from the baseflow separation in [50] . Eckhardt suggests a value of 0.8 for perennial streams and 0.5 for ephemeral streams with porous aquifers [65] .
The recession coefficient ( ) is set to uniformly vary between 0.72 and 0.73 for Swim Creek and between 0.90 and 0.92 for Jimmy's Creek and Opium Creek. These numbers are based on the method specified in [53] , where stream flow at time step t is plotted against stream flow at time step t-1 for periods where streamflow is decreasing for five consecutive days. The slope of a linear regression Most surface water bodies in the area are ephemeral with flow resulting from rainfall-runoff [49] (p. 96). The exceptions are Jimmy's Creek and Opium Creek that are fed by springs. It is hypothesized that Swim Creek, Ben Bunga and Cattle Creek are also groundwater fed from diffuse discharge through the streambed.
For the purpose of our water balance, baseflow is estimated stochastically for Jimmy's, Opium and Swim Creek streamflow observations with hydrograph separation. Jimmy's Creek stream flow rate is not observed but estimated based on a relation with Opium Creek found in [50] . We will use the hydrograph separation method described in [65] to estimate the baseflow based on observed streamflow:
where the maximum baseflow index (β) represents the long-term ratio between baseflow and streamflow and the recession coefficient (α) represents the proportion of remaining streamflow on the next time step. y t is the total streamflow at time step t and Q B is the baseflow. The maximum baseflow index (β) was set to uniformly vary 0.25 and 0.6 for Swim Creek and 0.6 and 0.8 for Jimmy's and Opium Creek based on the results from the baseflow separation in [50] . Eckhardt suggests a value of 0.8 for perennial streams and 0.5 for ephemeral streams with porous aquifers [65] . The recession coefficient (α) is set to uniformly vary between 0.72 and 0.73 for Swim Creek and between 0.90 and 0.92 for Jimmy's Creek and Opium Creek. These numbers are based on the method specified in [53] , where stream flow at time step t is plotted against stream flow at time step t-1 for
